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Pi. INTRODUCTION AND NOTATION 
IN [7], SIEBENMANN defined a CS set and made two stratification conjectures (Ques- 
tions 1.4 of [7]). 
CONJECTURE 1. The space underlying a CS set has a unique intrinsic (minimal) 
stratification. 
CONJECTURE 2. A finite dimensional metrizable space is the underlying space of a 
CS set if and only if it is locally cone-like. 
The main results of this paper are that Conjecture 1 is true (Theorem 2.4), that 
Conjecture 2 is false (counter-examples are produced by Theorem 3.1 and Proposition 
3.2), and that a space which is locally the underlying space of a CS set, is globally the 
underlying space of a CS set (Corollary 2.6). This last result may be shortened to 
“locally CS implies CS”. The counter-examples to Conjecture 2 can be described as 
follows: Let M”(m z 5) be an m-manifold without boundary having a tame end E. 
Theorem 3.1 shows that (M Ue) x R is always locally cone-like, and Proposition 3.2 
shows that, granting certain algebraic conditions on the end 6, (M UE) X R is not the 
underlying space of a CS set. 
This section concludes by recalling the definition of a CS set from [7] and by 
choosing notation for standard objects. Section 2 contains a proof of Conjecture 1 
and Sections 3-6 contain the construction of the counter-example to Conjecture 2. 
For any space X, define the open cone on X, CX = X x [O, 1)/X X 0. The image of 
Xx 0 in CX is called the uertex, and we will use the letter u to represent it. The 
suspension of a space X, B(X) = X X [-1, l]/{(X X - l), (X X 1)). We will write ax+ 
and ax- for the image in C(X) of X x 1 and X x - 1 respectively, and we will 
frequently identify Z(X) - {ax’, ax} with X x (-1. 1). = will be used to denote 
homeomorphism and I = [- 1, I]. 
A space X is locally cone-like (locally finite dimensional) if for each x in X there 
is an open neighborhood N of x such that N is homeomorphic to cK for some 
compact space K (N is finite dimensional). 
A (TOP) stratified set X is a metric space equipped with a filtration X > X(“) > . . . > 
X’-” = 4 by closed subsets Xc”‘, n z - 1, called skeleta, such that, for each n 2 0, the 
components of X(n)= X’“)- X’“-” are open in X(n) (and are TOP n-manifolds without 
boundary). We will sometimes write X = (Xc”‘) to denote a filtration of X by subsets Xc”‘. 
The formal dimension of a stratified set X is sup {n E 2: X(n) f 4). An isomorphism h: 
X + Y of stratified sets is a homeomorphism of topological spaces such that h(X’“)) = 
Y(“’ for all n 2 0. If X is a stratified set and W C X is an open set, then W can be given the 
subset stratification W’=‘= X’“’ rl W. If X and Y are stratified sets, then X x Y can be 
given the product stratification (X x Y)‘“’ = U X”‘X Y(j). If L is a stratified set then 
k+j=n 
CL can be given the cone stratification (CL)‘“+“= c(L’“‘) for n z 1 and (CL)“’ = 0. 
A CS set X = (Xl”‘) is a TOP stratified set such that for each x in X, there is a 
compact (possibly not TOP) stratified set L of finite formal dimension, called a link 
for x in X, and an open embedding h : R” x CL + X sending (0, u) to x, such that h is 
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an isomorphism with respect to the subset stratification on h(R” X cL)C X, and with 
respect to the product stratification on R” x CL (where CL has the cone stratification 
and R”(m) = R”). 
02. INTRINSIC STRATIFICATIONS 
A CS stratification (Y’“‘) of a space Y is called intrinsic (or minimal) if Yck’ = 
n{S”‘: (Sk’) is a CS stratification of Y} for all k. A natural candidate for the minimal 
stratification for the underlying space of a CS set is given in terms of intrinsic 
dimension (cf. tll). 
For any locally cone-like, locally finite dimensional metric space X, and for any x 
in X, define the intrinsic dimension of X at x, 1(X, x) = sup {m E Z: 3 compact space L 
and an open embedding h: R” x CL + X sending (0, u) to x}. 
Define the associated filtration (X’“‘) of X by X(“’ = {x E X: 1(X, x) 5 n}. If (Xc”‘) 
is a CS stratification, it is clearly the minimal one. 
The results of this section are that a locally CS set is a CS set and that the 
associated filtration of a space underlying a CS set is a CS stratification. (Corollary 
2.6 and Theorem 2.4 respectively). Their proofs rest upon Propositions 2.1, 2.2, and 
2.3 below. 
PROPOSITION 2.1. Let X be u locally finite dimensional locally cone-like metric 
space. Then the associated filtration (X’“‘) is a TOP stratification if and only if X 
satisfies the following condition: 
(*) If h : R” x CL + X is an open embedding where L is a compact space and where 
m = I(R” x CL, (0, II)), then I(R” x CL, y) > m for all y E R” x (CL-V). 
Proof. (if) Given x E X(k), choose any open embedding h: Rk x CL-,X sending 
(0, u) to x where L is a compact space. By (*), Xck’r7h(Rk x CL) = 
X(k) n h(Rk x CL) = h(Rk x u). Thus each X’“’ is closed and each X(k) is a k- 
manifold without boundary, 
(only if) Given x E X(m), choose any open embedding h: R” x CL+ X sending 
(0, u) to x where L is a compact space. Induce a TOP stratification (R” x CL)(“) = 
h-‘(h(R” X CL) nX’“‘), and identify R” x (CL-U) with R” x L x (0,l). Then Z(R” x 
CL, (r, I, t)) is independent of r E R” and t E (0, 1) for each 1 E L. Thus if I(r, 1, t) = n, 
then the sequence {Xi = (r, 1, l/i)}, for i = 2, 3, 4.. . Q), converges to (r, u) and 
I(R” x CL, Xi) = n for all i. Since (R” x CL)(“) is closed and (r, u) E (R” x CL)(m), 
n L m. Furthermore, (R” x CL)(m) is an m-manifold containing R” x u, so that nf m. 
PROPOSITION 2.2. Let X be a locally cone-like, locally finite dimensional metric 
space. If the associated filtration (Xc”‘) is a TOP stratification, then it is a CS 
stratification. 
Proof. Given x E X(m), choose a compact space L and an open embedding h: 
R” x CL + X sending (0, u) to x. It suffices to find a stratification (L”“) of L, of finite 
formal dimension, so that h is an isomorphism with respect to the product 
stratification induced on R” X CL from (L(“)) and the subset stratification on h(R” x 
CL) c x. 
Identify R” x (CL-O) with R” x L x (0,l) and define L(n) = {l E L: 3 r E R” ,and 
t E (0, 1) such that Z(R” x CL, (r, 1, t)) = m + n + 1). By Proposition 2.1 L(n) = 4 for 
n <O. Furthermore, since I(R” x CL, (r, 1, t)) is independent of r and t, X(n) n 
h(R” x CL) = h(R” x L(n --‘m - 1) x (0, 1)) for nf m and X(m) n h(R” X CL) = 
h(R” x u). This implies that (L’“’ = U L(k)) is a stratification and that h is an 
ksn 
isomorphism. Since X is locally finite dimensional, this stratification is of finite formal 
dimension. 
Remark. The stratification given to L in Proposition 2.2 need not be TOP. For 
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example, let L be a non-manifold such that L x R is a manifold but CL is not. Then 
u E (CL)’ with link L and the stratification induced on L is not TOP. It is unknown 
whether L.can, in general, be replaced by L’ whose induced stratification is TOP. 
PROPOSITION 2.3. If X is the underlying space of u CS set, then the associated 
filtration (X’“‘) is a TOP stratification. 
Proof. We prove that X satisfies (*) of Proposition 2.1. Let h : R” x CL + X be an 
open embedding where L is a compact space and where m = I(R” x CL, (0, u)). 
.Identify R” x (CL-U) with R” x L x (0, l), and let 1 E L.-Choose a CS set (SC”‘) which 
has R” x L x (0, 1) as its underlying space ((S’“‘) exists because h(R X L X (0, 1) is an 
open subset of X). 
S”’ 17 R” x 1 x (0, 1) is closed in Sk’, so if R” x 1 x (0, 1) C Sck', then k L dimension 
S’“r dimension (R” x 1 x (0, 1)) = m + 1. The first inequality holds because S”’ is the 
finite union of dimension Sk closed subsets (Theorem III.2 of [2]). Thus there exists 
r E R” and t E (0, 1) such that (r, 1, t) a S (m) Since,(S’“‘) is a CS set, this implies that . 
I(R” x CL, (r. 1, t)) > tn. 
THEOREM 2.4. The underlying space X of a CS set has an intrinsic CS stratification 
given by X”” = {x E X: Z(X, x) I n}. 
Proof. Propositions 2.2 and 2.3. 
Remark. The intrinsic stratification of a product of CS sets is not necessarily the 
product of the intrinsic stratifications of the individual CS sets (cf. PS of [4]). For 
example, (0) has intrinsic dimension 0 in [0, l] and {O,O} has intrinsic dimension 1 in 
io, 11 x w, 11. 
THEOREM 2.5. A metric space X is the underlying space of a CS set if and only if X 
is locally cone-like, locally finite dimensional, and satisfies the following condition: 
(*) If h: R” x CL + X is an open embedding where L is a compact space and where 
m = I(R” x CL, (0, u)), then I(R” x CL, y) > m for ally E R” X (CL-U). 
Proof. Propositions 2.1, 2.2, and 2.3. 
In particular, there is a local criterion for deciding whether a given metric space X 
is the underlying space of a CS set. This proves the following corollary. 
COROLLARY 2.6. If a space X is covered by open sets each of which is the underlying 
space of a CS set, then X is the underlying space of a CS set. 
43. CONSTRUCTION OF THE COUNTEREXAMPLE: STATEMENT 
OF RESULTS AND OUTLINE OF PROOFS 
The remainder of the paper deals with the counterexample to Conjecture 2. Theorem 3.1 
provides a large collection of locally cone-like spaces and Proposition 3.2 shows that some of 
those are not the underlying*spaces of CS sets. 
THEOREM 3.1. Let M be a manifold of dimension 15, and let E be a tame end of M. 
Then (M UP) x R is locally cone-like. 
Remark. M UE is locally cone-like if and only if E is collared. 
. 
PROPOSITION 3.2. For each m 2 5 there is an m-manifold M with tame end l , such 
that (M UC) x R is not the underlying space of a CS set. 
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Proposition 3.2 is implicitly contained in Question 5.13 and Proposition 5.14 of [7]. 
The reader should be aware that the use of locally cone-like in [7] is stronger than our 
use here, in that [7] assumes that the homeomorphism h: R” x CL + (M Ue) x R 
preserves stratum. Thus, Theorem 3.1 is not an answer to Question 5.13 of [7]. 
There is a close relation between these examples of spaces which are locally 
cone-like but not stratifiable and Siebenmann’s examples of compacta which are 
locally-triangulable but not triangulable. His examples are described in Section 3 of [9] 
and the proofs are given in [lo] which is as yet unpublished. 
Using open regular neighborhoods of the end l [8], we reduce Theorem 3.1 to 
Lemma 3.6. An outline of the proof of Lemma 3.6 follows its statement. The proof of 
Proposition 3.2 completes Section 3. In Section 4 we describe the Kirby 
compactification[3] of a regular cover of a compact space with transformation group 
Z*, and in Section 5 we recall properties of the Siebenmann gluing construction[6]. 
With these tools, the proof of Lemma 3.6, given in Section 6, is very short. 
Definition 3.3 (from [8]). Let X be a closed subset of a Hausdorff space Y. For 
neighborhoods W, and W2 of X in Y we write W, 1X in W2 if for any given 
neighborhood V of X in Y, there is a homeomorphism h: Y + Y fixing Y- W2 and a 
neighborhood of X such that h( WI) C V. An open regular neighborhood W of X in Y 
_ 
is one expressible as W = U Wi where Wi\X in Wi+l. If E is an end of a manifold 
i=l 
M and W’ = n U W; is an open regular neighborhood of E in M UE, we abuse notation 
j-l 
and call W = G Wi = : (‘W;- l ) an open regular neighborhood of E in M. An end of 
j=l j=l 
a manifold is tame if and only if it has an open regular neighborhood (Theorem 2.4 of 
F3lh 
(3.4) (Uniqueness of Open Regular Neighborhoods; Theorem 1 of [8]). For any two 
open regular neighborhoods W, and W2 of X in Y, there is a homeomorphism h: 
W, + W2 fixing a neighborhood of X. 
Example 3.5. Let W = G Wj be an open regular neighborhood of an end l of a 
j=l 
manifold without boundary. Then W has two ends l + = l and E- given by {W - Wj} 
j= l,.... ~0; W is an open regular neighborhood of both ends. 
Proof. To show that W is an open regular neighborhood of ‘e- it suffices to check 
that t+ has arbitrarily small open regular neighborhoods V = ii, Vi (p. 54, [8]) and 
that W - Vi+l\e- in W - vi. This last fact follows easily from the proof of (3.4). 
Notation. If X is a manifold with two ends l + and E- then X’ = X U E+ U E- is the 
end compactification of X (Chapter I of [5]). When we say that X has two ends, we 
will implicitly assume that X has exactly two ends, so that X’ is compact. 
Reduction of Theorem 3.1 to Lemma 3.6: It suffices to check that (M Ue) x R is 
locally cone-like at (E, 0). Let W be an open regular neighborhood of l in M and let 
+ = E and Ed- be the ends of W (Example 3.5). Then a neighborhood of (e,O) in 
T& Ue) x R is a homeomorphic to a neighborhood of l W+ in 2( W’). Thus Lemma 3.6 
and the observation that Z(W’) is locally cone-like at u+ complete the proof of 
Theorem 3.1. 
LEMMA 3.6. Let X be a manifold without boundary, of dimension 25, which is an 
open regular neighborhood of its ends ex’ and ex-. Then there is a manifold without 
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boundary Y, also with two ends Em+ and .E;, and a “symmetry” homeomorphism 
s: Z(X’) -+ Z( Y’) 
satisfying S(CQ+, ax-, l x+, exe) = (i;, E;, ay+, a;), where X’ = X U l x’ U l Xv and 
Y’ = Y U E; U 4; are the end compactification of X and Y. 
ox ‘V 
Remark. If X = N x R then X’s Z(N) and Lemma 3.6 reduces to the com- 
mutativity of successive suspensions. 
Outline of Proof of Lemma 3.6. Although X need not split, X x S’ always does; i.e. there is 
a closed manifold C and a homeomorphism h: X x S’ --, C X R ([S] shows that a neighborhood 
of an end of X x S’ splits, and uniqueness of open regular neighborhoods (3.4) implies that the 
splitting extends to all of X x S’.) Covering X x S’ by X x R induces an infinite cyclic cover Y 
of C (which has two ends rr’ and E; corresponding to the ends ?~a of R) and a homeomor- 
phism i: X X R + Y x R. H(X’) and 2( Y’) are formed from XX R and Y x R by adding an 
S’(= z({E+, l -})) at 0~. If 6 extended over the suspension circles, we would be done. There is a 
well-known procedure, due to Kirby[3], for altering the homeomorphism i so that it will extend 
over certain compactifying circles at m (Section 4). It is not immediately clear that the Kirby 
compactifications of X x R and Y x R are homeomorphic to x(X’) and Z( Y’), but Lemma 4.5 
shows that this is the case. Finally, the extended homeomorphism S has the required properties 
because the new homeomorphism i: XX R + Y x R takes the ends of X and R to the ends of 
R and Y respectively (4.4). 
The major technical difficulty is that in order for the Kirby compactification X x R US’ of 
XX R to exist and be homeomorphic to H(X’) via Lemma 4.5, X must be a regular infinite 
cyclic cover of a compact space X*. [6] verifies this: Section 5 contains the construction and a 
fisting of the properties we will need. 
Thus the proof of Lemma 3.6 is a collection of well-known constructions pieced together by 
Lemma 4.5. 
The argument given here is formally very different than the author’s original one. I would 
like to thank L. C. Siebenman for suggesting the use of the Kirby compactification, which 
replaced a messy by-hand construction. I would also like to thank the referee for various 
organizational suggestions, including certain diagrams in Sections 4 and 6, and R. D. Edwards, 
R. C. Kirby and H. King for helpful conversations. 
Proof of Proposition 3.2. Choose M and l so that c has an open regular neighborhood W 
satisfying H,(W) f H*(S”-‘) and (~(6) f (-l)““c(r) where U(E) is the obstruction to collaring 
l and bar indicates the duality involution (Theorem 8.6 and the Appendix of [5]). 
Assertion. (M Ur) x S’ (hence (M UE) x R) is not a manifold. 
Proof. ( W UC) X (-7r/2, 7r/2) is an open regular neighborhood of (E, 0) in (M UC) x S’. If 
(M UC)X S’ is a manifold, then (e,O) has neighborhoods homeomorphic to R”” and (3.4) 
implies that ( W Ue) X (-7r/2, ?r/2) z Rm+‘. Furthermore, Alexander duality implies that 
H,(WtJe)xS’, WXS’)= 1 O qgm*m+l Z q=m,m+l 
Together those imply that H,(W) 2 H*(Sm-I), which is a contradiction. 
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Now suppose S= (9”‘) is a CS set with underlying space (M Ue)XR. Since 9” is a 
O-manifold, there exists t E R such that (4, t) cz So’. Thus there is an open embedding h: 
R” x CL + (A4 Ue) x R sending (0, u) to (4, t) where L is a compact space and where n > 0. 
Since M x R is a manifold but (M Ue)x R is not, /t(R” X{U})C E x R. Thus n = I and 
a(e) = x -(-I)“,? for x~ ~o(~,W) (Proposition 5.14 of [7]). This contradicts 
C(E) f (-l)“+‘a(e). 
$4. THE KIRBY COMPACTIIWATION 
Let E be a compact space and I? a regular covering of E with transformation 
group Z*. We will compactify E by adding an S’ at ~0. (If the transformation group 
were Z” we could compactify by adding on S”-’ at 03). Let E’ = I? US’ and make B an 
open subset of E’. We complete the description of the topology on E’ by stating 
which sequences {xi} in J? converge to eb E S’. Let K be a compact subset of .t? 
which projects onto E. Then each x E I? can be written (possibly non-uniquely) as 
(a, b) . y where (a, 6) E Z*, y E K and . denotes the group action. {x;} = {(ai, bi) * yi} 
converges to a point in S’ iff either lim ai = i-a: or lim bi = + ~0 and the “asymptotic 
i-x . i-p. 
slope” m = Q (b;/ai) E [-a. ml is defined (b;/O is considered to be fm depending on the 
sign of b;). In this case, iii {Xi} = eia where 
. I 
arctan (nz ) mf &~;h~aj>O 
arctan (m ) + 7r 
(Y= 
I 
mf 5m;liil_maiC0 
?rl2 m=+m 
-?r12 m= -co 
and arctan has range = (-7~12, 7rl2). 
The reader can easily check that: 
(4.1). Convergence of {xi} is independent of the choice of 
vergence is independent of the choice of K. 
(ai, bi); in fact, con- 
(4.2). This is compatible with the standard topology on S’. 
(4.3). E’ is compact. 
(4.4). The compactification is functorial. Given the data: two sets of spaces E, 8, 
E’ and F, F, F’ constructed as above and a map f: E + F which lifts to a map f: 
I?+ E and which induces an injective homomorphism f*: Z*+Z* on the groups of 
covering translations. 
Then there is a unique extension f’: E’ + F’ of f, and f’\S’ is completely deter- 
mined by f+. In particular if fl,{(O, 1). (1.0)) = {( 1, O), (0, l)}, then f IS’ is the restriction 
of reflection about the line y = x in the plane. 
Given a regular infinite cyclic cover X of a compact space X*, we may compactify 
X X R by an S’ at m in two seemingly different ways. We may view X X R as a cover 
of X* X S’ with transformation group Z’ (given as the product of the given Z action 
on X and the usual Z action on R) and form X x R US’ as above, or we may first 
compactify X by adding in its two ends E+ and E- and then suspending X’= 
X Ue’ UE- to form x(X’). In the latter case, the S’ at m is Z({E+, E-}). These 
compactifications are related by the following Lemma. 
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LEMMA 4.5. Data as above. There is a homeomorphism h: 2(X’)+ X x R US’ 
satisfying 
(i) h(Z({e’, E-})) = S’ 
(ii) h’/X = idx x (0) C X x R 
(iii) h(n’, a-, E-, l ‘) = (ei”‘2, ei3rr’2, e”‘, ei2”) 
Proof. Choose f* and f SO that the following diagram commutes. 
and so that 
X-R 
I ’ 1 I’ x*-s’ 
(*) f(n . x) = n + f(x) for n EZ and xE X. 
Define a homeomorphism ho: X x R +X x R by h,,(x, t) = (x, t(l + lf(x)l). 
ho (Xxltl) 
X 
That ho extends to the required homeomorphism h, follows from the topologies on 
2(X’) and X X R US’ and the observation that the “asymptotic slope” of {h&n . x, t); 
x E X, t E R, n E Z”‘} equals (k)t. This last statement follows immediately from (*) 
and the definition of asymptotic slope. 
55. THE SIEBENMANN GLUING CONSTRUCTION 
In this section we list the properties of the gluing construction (Sections 5-7 of [61) 
which we need in the proof of Lemma 3.6. Some of these are not explicitly stated in 
[6] but the proofs are immediate from the proofs and discussions given there. Many of 
these properties are true in far greater generality than we state them. 
Definition 5.1. Let X be a topological space with two ends 4~’ and l x-. Suppose 
that there exist arbitrarily small disjoint neighborhood U, of EX* and homeomor- 
phisms f?: U,+X which are the identity on smaller neighborhoods V, of ex’. Then X 
may be glued with respect to ex’ and l x-; for any such pair cf+, f-) we define X(f+, f-) 
a gluing of X with respect to l x’ and ex-, to be 
X(f+, f-) = X/(x = f+-‘f_(x) for x E V_} 
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equipped with the quotient topology. When we are not concerned with the specific 
choice of f+ and f_ we will simply write X* for the gluing of X. 
Example 5.2. Let Y be an open regular neighborhood of both of its ends E; and 
E;. Then Y can be glued with respect to E r’ and l r-. This follows from the existence 
of arbitrarily small open neighborhoods of er’ (p. 54, [S]) and uniqueness up to 
homeomorphism of open regular neighborhoods of l J (3.4). 
PROPOSITION. Let X be a manifold without boundary which is an open regular 
neighborhood of both of its ends, and let f+ and f_ be gluing homeomorphisms for X 
with respect to those ends ex+ and l xe. Then: 
(5.3) (uniqueness; Theorem 5.2 of [6]). Given any other gluing homeomorphisms g+ 
and g- for EX+ and l x-, there is a homeomorphism u: X(f+, f_)+X(g+, g-). 
(5.4) (Propositions 5.6 and 5.8 of [6]). There is a natural homotopy equivalence 7x: 
S’ X X + X(f+. f-). With notation as in (5.3), the following diagram commutes up to 
homotopy 
S’XX 
‘)I 
J k 
X(f+, f-) 2 X(g+, g-) 
where ql [resp. ~~1 is the homotopy equivalence corresponding to f+ and f_ [resp. g+ 
and g-1. 
(5.5) The diagram 
-lx-“. 
x*- 
induces an infinite cyclic covering space of 
“7)X-“’ is a homotopy inverse for qx. 
RxX 
1 
s’x x 
X* which is homeomorphic to X; here 
Proof. Since X is an open regular neighborhood of ex-, there is a neighborhood U 
of EX- such that for any subset A of U which is closed in X, there is a homeomor- 
phism h: U +X fixing A (once again, this follows from the proof of (3.4)). The 
description of the covering space (p. 23, [6]) and the proof of Proposition 7.8 of [6] show 
that this is sufficient. 
(5.6) Given another space Y with two ends l y+ and E; and a homeomorphism h: 
X+ Y such that h(ex+) = l y+ and h(ex-) = l ;, then: 
(a) Y(hf+h-‘, hf_h-‘) is a gluing of Y with respect to E; and E;. 
(b) The map i: X(f+,f_>+ Y(hf+h-‘, hf_h-‘) induced from h: X+ Y is a 
homeomorphism. 
(c) (pp. 20-21, [6]). The following diagram .commutes up to homotopy 
ids!xh 
S’xX- s’x Y 
w 
Y(hf-h-‘, hf+h-‘) 
96. PROOF OF LEMMA 3.6 
X x S’ splits as a product of a compact manifold C and R; i.e. there is a 
homeomorphism h: X x S’+ C x R ([5] implies that a neighborhood of the end of 
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X x S’ splits and uniqueness of the open regular neighborhoods of that end (3.4) 
shows that the splitting extends to all of X x S’). There is a natural gluing of C x R to 
C x S’ (Example 5.2). This induces a gluing of X x S’ (5.6) which by uniqueness of 
gluing (5.3) is homeomorphic to X* x S’ where X* is a gluing of X with respect to its 
ends (3.5 and 5.2). Furthermore h induces a homeomorphism g: X* X S’+ C X S’ 
such that the following diagram commutes up to homotopy (5.6 and 5.4) 
ids,xh 
S’xXxS’-S’xCxR 
nx r idg 
1 I 
1cx’l 
x*xs’%_cxs’ 
where t) is defined in (5.4). 
Taking the infinite cyclic cover R + S’ twice, induces 
XxRP YxR 
I I 
xxS'~-CxR 
1 I 
X”xS’ Lcxs’ 
where X is identified with the infinite cyclic cover of X* induced by g (5.5) and Y is 
the infinite cyclic cover of C induced by 2-l. 
It is clear, that with respect to the 2’ action on X x R [resp. Y X R] given by the 
product of the covering translation on X [resp. YJ and addition on R, that d induces a 
homomorphism gl: Z2+ Z2 given by g,{O, I), (1,O)) = {( l,O), (0, I)}. (4.4) states that i 
extends to a homeomorphism g’: X x R US’ + Y x R US’ such that g’lS’ = restriction 
of reflection through the line x = y. Then S = H;’ 08’0 Hx is required homeomor- 
phism ,where Hx: Z(X’)+X x R US’ and Hy: Z( Y’)d Y x R US’ are given by 
Lemma 4.5. 
Z(X’) -Xx RLJS’-Y x RUS’ *H(Y’) 
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